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Application of Aeroservoelastic Modeling Using
Minimum-State Unsteady Aerodynamic Approximations
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Various control analysis, design, and simulation techniques for aeroservoelastic applications require the
equations of motion to be cast in a linear time-invariant state-space form. Unsteady aerodynamic forces have
to be approximated as transfer functions of the Laplace variable in order to put them in this framework. For
the minimum-state method, the number of augmenting states representing the unsteady aerodynamics is a
function only of the number of denominator roots in the approximation. Results are shown of applying various
approximation enhancements (including optimization, mode, and frequency-dependent weighting of the tabular
data, and constraint selection) of a minimum-state formulation of the equations of motion of an active flexible
wing wind-tunnel model. The results demonstrate that good mathematical models can be developed which have
a factor of 10 fewer augmenting aerodynamic equations than more traditional approaches. This reduction
facilitates the design of lower-order control systems, analysis of control system performance, and near real-time
simulation of aeroservoelastic phenomena.

Nomenclature
[Am] = numerator coefficient matrix for rational

function approximations defined by Eq. (1)
c = reference chord, typically mean aerodynamic

chord
[D], [E] = coupled numerator coefficient matrices in

minimum-state approximation
[G] = damping matrix in equations of motion
[K] = stiffness matrix in equations of motion
k = reduced frequency, (c/2u)u
kn = a tabulated reduced frequency
k' — modal reduced frequencies when system goes

unstable
[M] = mass matrix in equations of motion
«£ = number of structural modes
p - nondimensionalized Laplace variable, (c/2n)s
Qij = generalized unsteady aerodynamic force

coefficient
Qij(ik) = approximate value of Qij(ik)
Qu(ikn) - tabular value of Q/y at a specified value of

reduced frequency, kn
q = dynamic pressure
[R] = diagonal matrix of aerodynamic roots
s = Laplace variable
u = freestream velocity

d
eu(ikn)

CO

co'

= minimum of the maximum weighted amplitude
of the tabular values of an aerodynamic
coefficient

= weights assigned to approximation error of
Qu(ikn)

= "measure-of-importance" of Qij(ikn) based on
open-loop sensitivity

= normalizing weight defined by Eq. (10)
= vector of augmenting aerodynamic states
= nondimensional gust velocity
= control mode
= approximation error between two corresponding

points
= total weighted error, defined by Eq. (6)
= total normalized error, defined by Eqs. (6)

and (10)
= total physically weighted error, defined by Eqs.

(6) and (15) with wcut = 0
= frequency
= modal frequencies when system goes unstable
= structural mode

Subscripts
g = gust mode
d = control mode
£ = structural mode
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Symbols
I - I = magnitude of •

= determinant of

Introduction

E QUATIONS of motion of a flexible aircraft include un-
steady generalized aerodynamic force terms that con-

tain transcendental functions. Approximating the unsteady
aerodynamic forces as rational functions of the Laplace vari-
able, i.e., ratios of polynomials that may be referred to as
aerodynamic transfer functions, allows efficient linear systems
algorithms to be used in aeroservoelastic analysis and design
of active control systems for flutter suppression, gust load
alleviation, and maneuver load alleviation of flexible air-
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craft.1'5 The rational function approximations (RFAs) are
used to define the aeroservoelastic equations of motion in a
linear time invariant (LTI) state-space form, albeit with in-
creased size of the state vector due to the RFAs. This increase
in the number of states due to the RFAs is referred to herein
as the aerodynamic dimension. There is always a tradeoff
between how well the RFAs approximate the aerodynamic
forces and the desire to keep the aerodynamic dimension
small. The RFA formulations in Refs. 1-14 have varying
capabilities to perform such a tradeoff.

Currently there are three basic formulations used in these
references to approximate unsteady generalized aerodynamic
forces for arbitrary motion using rational functions: 1) least-
squares (LS)1'5'9-12; 2) modified matrix-Fade (MMP)2'3'6'7; and
3) minimum-state (MS).8'11'14 Extensions to these approaches
were developed9'14 which included the capability to enforce
selected equality constraints on the RFAs and of optimizing
the denominator coefficients in the rational functions using
nonlinear programming techniques. For the minimum-state
method, the number of augmenting states required to repre-
sent the unsteady aerodynamics is a function only of the
number of denominator roots in the rational approximation;
there are no repeated aerodynamic roots as there are for the
LS formulation. Methods to determine critical frequency
ranges based on physical properties and to determine weight-
ings of the individual tabular errors to improve approxima-
tions in those critical regions have been explored in Refs. 13
and 14.

The evolution of advanced fighters has required that the
aerodynamics, control systems, and structures disciplines be
integrated into a unified aeroservoelastic technology, evalu-
ated by sophisticated analytical methods, and validated
through the testing of wind-tunnel models. The active flexible
wing (AFW) wind-tunnel model is a scaled aeroservoelastic
model designed and built specifically as a research vehicle for
testing multi-input/multi-output digital control laws for flut-
ter suppression and rolling maneuver load alleviation.15'16 The
purpose of this paper is to demonstrate the various MS aero-
dynamic modeling techniques by applying them to a current
mathematical model in order to develop valid low-order state-
space equations for the control system design, evaluation, and
near real-time simulation.

The following presents a brief description of the techniques
involved. Results are also shown which demonstrate that mod-
els can be developed which have one tenth the number of
aerodynamic state equations than more traditional approaches
without sacrificing the flutter and frequency response charac-
teristics of the higher-order systems.

Unsteady Aerodynamic Approximations
Aeroservoelastic modeling starts with a definition of struc-

tural, control, and gust modes that are used as generalized
coordinates. In this work, the structural modes are a set of
low-frequency vibration modes, the control modes are defined
by unit rotations of each control surface, and the gust modes
by complex displacement vectors that simulate the encounter
of sinusoidal gusts. The modes are then used to calculate
generalized unsteady force coefficient matrices that reflect the
aerodynamic coupling between the oscillating modes.

To express the equations of motion in first-order form, the
unsteady generalized aerodynamic force (GAF) coefficients
Qtj must be defined in the complex Laplace s domain, or
riondimensionalized Laplace p domain. Since the GAF coeffi-
cients are computed at specified values of reduced frequencies
kn, it is necessary to generate complex/?-domain functions by
approximating the tabular values, Qij(ikn), of the GAFs as
closely as possible, and then employ the concept of analytic
continuation in a region near the imaginary axis. Fig-
ure 1 depicts the approximating process for a single element
Qij of Q, where the tabulated data, Qij(ikn), are denoted by
the open circles, the corresponding approximated values,
Qij(ikn\ are denoted by solid dots, and the approximating

APPROXIMATION
ERROR

CONSTRAINED
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Fig. 1 Approximating aerodynamic tabular data for a single element
of Q, employing constraints.

frequency-domain curve by the solid line. The approximation
error, €//(/&„), between two corresponding points is denoted
by an arrow between the points.

The approximating function, <2//(p), is determined in such a
way as to minimize some least-squares combination of the
errors, €jj(ikn) = \Qij(ikn) - Qij(ikn)\, between the approxi-
mating function atp = ikn and the tabular value Qij(ikn). It is
possible that certain equality constraints or weighted con-
straints might be desirable to impose on some of the tabular
values [such as the steady-state (k = 0) point, shown in the
shaded box].

Review of Rational Function Approximations
to Generalized Aerodynamic Forces

The most common form of the approximating functions
used currently for each generalized force coefficient, Qij9 is a
rational function of the nondimensional Laplace variable/?. A
common form chosen is one in which the numerator polyno-
mial is order two more than the denominator. This gives rise
to the following partial- fraction form for each element g/,:

Qij(p) = (A0)u + (AJtj p + (A2)u p2 + QL..(p) (1)

where QL. . is a finite sum of ratios of first-order polynomials
of the variable p. The fundamental difference between the
aerodynamic approximation methods are in the formulation
of this term. Expressions for this term in the LS, MMP, and
MS methods, and associated aerodynamic dimensions are
given in Table 1 and discussed below. Equation (1) can be
rewritten in the Laplace domain by replacing p with (c/2u)s.

Because tabular data are determined for specified values of
reduced frequency kn, the g/7 are actually defined only for

Aerodynamic
method

Table 1 RFA matrix formulations

Character of QL
Aerodynamic

dimension
Least-squares Common denominator coeffi-

cients in each Qij
"£ P

QL = L [A(n + 2)]ij-———r~V n = 1 p + bn

Modified Different number of and values
matrix-Fade for denominator coefficients

for each column, Qj

~ = E A P
LiJ n=\ n+ IJ P + bnj

Minimum-state Common denominator coeffi-
cients in each Qij

n% -

1 P + bn

E
7 = 1

N
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these values of the nondimensionalized Laplace variable p =
ikn. The coefficients of the approximating functions are found
by least-squares procedures that vary according to the charac-
ter of QL. The coefficients are then used to construct the
linear, time-invariant, state-space aeroservoelastic equations
of motion. The fact that the common numerator of Eq. (1) is
only of order two more than the common denominator implies
the number of resulting equations associated with the aerody-
namics is a function of the order of the common denominator
polynomial. The A0, A\9 and A2 terms can be included with
the stiffness, damping, and mass terms, without any addi-
tional equations. The terms of QLr are commonly called lag
terms because they represent a transfer function in which the
output lags the input and permits an approximation of the
time delays inherent in unsteady aerodynamics.

The matrix form of the LS approximation (the first in Table
1) is

[A,] + [A2] p2 + [QL] (2)

where

[QL]=
n = 1 P +

The number and values of denominator coefficients, bn, are
fixed for all Q/7. For a given set of values, the Am coefficients
of Eq. (2) are calculated by simple term-by-term least-squares
solutions. The number of aerodynamic augmenting states in
the resulting state-space model is nL times n% (see Ref. 10).

The column vector form of the MPP approximation (the
second in Table 1) is:

Qj(p)= (3)

where
"Lj

which allows the number of denominator coefficients and
their values to vary between columns. They are only fixed per
column. For a given set of bnj values, the associated Am co-
efficients are also calculated by simple least-squares solutions.
The number of resulting augmenting aerodynamic states is
equal to the sum of the number of bnj values associated with
each structural, control, and gust mode.10"12

The matrix form of the MS approximation (the last in Table

[Q(P)] = Ho] + [Ai] + [A2] p2 + [QL] (4)

where

which fixes the denominator coefficients as in the least-
squares to be the same for all QiJ9 but additionally, the partial-
fraction numerator coefficients are determined as a coupled
product of a premultiplying matrix [D] and a postmultiplying
matrix [E]. The diagonal matrix of aerodynamic roots, chosen
a priori, is denoted by [R]; i.e.,

[R] = (5)

Detailed development of the MS formulation and subsequent
construction of the aeroservoelastic model are given in Refs. 8
and 13. As shown in the next section, the resulting number of
aerodynamic states introduced into the first-order equations
as a result of the MS formulation is TV [the order of R in Eq.
(5)]. This is the main advantage of the MS formulation. Even
though TV is usually a little larger than nL [the number of
partial fractions in the LS and MMP expressions of Eqs. (2)

and (3)] it is generally much smaller than the aerodynamic
dimension resulting from the LS and MMP formulations per
given level of model accuracy, where model accuracy is based
on various criteria described later in this paper.

For a given set of bn values, the MS numerator coefficient
matrices [A0], [Ai\9 [A2], [D], and [E] are determined using
iterative, nonlinear least-squares methods that minimize an
overall error function,

et = (6)

where wijn are the weights assigned to the tabulated data
terms. The iterative technique assumes an initial [D], deter-
mines [A0]9 [Ai\9 [A2]9 and [E] using least-squares methods,
then uses the current [A0]9 [Ai\9 [A2], and [E] to determine a
new [D] using least-squares methods. This process is contin-
ued until coefficient matrices are found which give a con-
verged minimum error. Various implementations of this pro-
cess are detailed in Refs. 8-14.

Constraints and Lag Coefficient Optimization
It is often desirable to impose constraints on the approxi-

mating functions or to determine an optimal set of denomina-
tor coefficients (aerodynamic roots) for the approximating
functions. Various enhancements of the LS, MMP, and MS
methods include capabilities to select equality constraints and
to perform a nonlinear optimization of the denominator coef-
ficients.9'14 The equality constraints allow for more realistic
modeling of the aerodynamics and for improved fits at critical
points (such as flutter). Equality constraints can be used to
reduce the number of unknowns in the iterative least-squares
process; i.e., they can be used to explicitly solve for [A0]9 [Ai\9
and [A2]9 thus reducing the size of each least-squares solution.
For the MS method the solution process in Refs. 8,13, and 14
requires the imposition of three equality constraints on each
element QfJ to reduce the size of each least-squares solution to
that of the rank of R.8 One constraint is data match at k = 0
and the others are real-part data match at a nonzero tabulated
kn [which can be replaced by enforcing A2 = 0 in Eq. (4)] and
an imaginary data match (which can be replaced by enforcing
AI = 0). The solution of Refs. 9-12 allows flexibility in the
number as well as the type of contraints selected, but the
tradeoff in computational time for the MS solution is severe
because the explicit solution for [A0]9 [Ai\9 and [A2] is not
performed for all types of constraints.

As shown in Refs. 9-12, nonlinear optimization of the
denominator roots (bn values) allows improvement in the ap-
proximations without increasing their number by determining
a better set of coefficients than might be chosen a priori, even
using some reasonable engineering strategy. Although applica-
tion of root optimization to the MS solution process therein is
severe for the reasons described in the preceding paragraph,
when used in conjunction with the solution process of Refs. 8,
13, and 14, the increase in computational costs is not severe
since the size of each least-squares solution is rank [R]. How-
ever, the aerodynamic dimension for the MS formulation
tends to be much smaller than for either the LS or MMP
formulations; therefore a larger number of bn values can be
used without much increase in the size and cost of state-space
analyses. This reduces the advantages of root optimization
which were shown for the LS and MMP formulations in Refs.
9-12. In the AFW application herein, it is shown that two
optimized bn values give almost identical results as four un-
optimized bn values, but for the MS state-space formulation,
this only reduces the number of equations to be solved by two.
For the LS and MMP formulations of the same model, this
would result in 22 fewer equations.

The capability to include weights, wijn9 on each e/7(ikn)9 to
either weight the importance of the fits for each tabular point,
Qij(ikn)9 or to normalize the fits, can be considered a weight-
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ing constraint. The determination of these weights based upon
physical properties of the system is referred to as physical
weighting, and is described later in this paper.

Minimum-State Equations of Motion
The approximated aerodynamic matrix of Eq. (4) has, in the

application of this work, the dimensions of n% x (n% + nd +
ng), and the matrix can be partitioned into structural, control,
and gust related columns:

: Qg] (7)

which yields similar partitions of the [A0]9 [A\\, [A2], and [E]
matrices. The generalized stiffness, damping, and mass ma-
trices [K], [G], and [M] can be partitioned similarly, where
[Kj:], [G$], and [M^\ are associated with structural modes only;
[K8]9 [G§], and [Md] reflect the coupling between structures
and control modes, and Kg = Gg = Mg = 0.

A vector of augmenting aerodynamic states defined by its
Laplace transform as

[Xa(s)} = (s[I] - (2u/c)[R])'1 + [E8][d(s)}

(8)

where [£], [<5], and [ag] represent the structural, control, and
induced gust angle-of-attack modes. Equations (4), (7), (8),
and Newton's equation of motion then yield the following
open-loop time-domain state-space equations of motion:

0
-Mf

0

I
M l

0

(2u/c)R

0
-MflKg

0
(9)

where

c
2w

The full development of Eq. (9) is given in Ref. 8. This
equation is the basis for stability, response, performance, and
control analyses.

Physical Weighting
In most existing aerodynamic RFA methods, such as those

reviewed in Refs. 11 and 12, all of the tabulated aerodynamic
terms are treated equally importantly except for those chosen
to be matched by the approximation at selected reduced fre-
quencies. In addition to forcing the actual approximation to
meet equality constraints, it is possible to weight some of the
individual errors, e/,-(ikn)9 by wijn to be more important than
others in the LS solution; thus, the fits can be improved in
some frequency regions (at the possible expense of others)
without enforcing additional equality constraints. The ques-
tion of how to determine these weights must then be ad-
dressed. In Refs. 9-12, the weights provide a form of data

normalization; i.e., each weight wijn = wfi where

1
WiJ max {maxlQ /7(/A:JI, 1) (10)

A true test for a good approximation would be in the ac-
curacy of the aeroservoelastic model in subsequent analyses.
Hence, it is desirable to weight the aerodynamic data terms
according to their influence on fundamental aeroservoelastic
characteristics; i.e., the higher the sensitivity of critical aero-
servoelastic characteristics is to errors in the approximation of
a particular aerodynamic data term, the higher its weight. In
Refs. 13 and 14, a systematic physical weighting procedure is
developed in which each tabulated data term is assigned a
"measure-of-importance," wijn, based upon the sensitivity of
open-loop characteristics at a specified design point to errors
in the fit of each tabular point. The following is a brief
development of the weighting equations.

For the structural modes, the weight of the fit for a particu-
lar aerodynamic data term, Q^j(ikn), is based upon the deriva-
tive of the frequency-domain system matrix determinant with
respect to this term:

-^— = - qx cofactor [C$..(ikn) (H)

where
k k

and q is a nominal dynamic pressure chosen for the weighting.
It is demonstrated in Ref. 13 that the accuracy of the resulting
model is not very sensitive to the choice of #, providing
[Ct(ikn)] is not too close to a singularity. The division of
Eq. (11) by \\C$(ikn)\\ yields a measure-of-importance matrix

= 9 (12)

For control modes, the weight of the fit for Q^j(ikn) is
based on the effect of a small error in this term upon the
open-loop output response of the jth actuator to sinusoidal
excitation by the j th control surface. This leads to the mea-
sure-of-importance matrix

(13)

where [T(ikn)] is the matrix of transfer functions from sensor
inputs to actuator outputs and [&m] is a matrix of modal
deflections or rotations at the sensor locations.

The weight of the fit for a term QgiJ(ikn) in a gust column is
based on the error effects on the acceleration response of a
chosen structural point to sinusoidal excitation. The resulting
measure-of-importance vector is

(14)

where { ^ f m } is a vector of modal displacements at the chosen
point and $g is the power spectral density of the gust velocity.

The measure-of-importance matrices are used to calculate
the weights assigned in the least-squares solutions to a tabu-
lated Qij(ikn) term of a certain partition by

(15)

where wfj = max { I Qij(ikn) I wijn }, wcut is a user selected value,
0 < wcut < 1, and the iv/y-w are defined by either Eqs. (12), (13),
or (14), depending on whether j represents a structural mode,
a control mode, or a gust mode.

Numerical difficulties may arise when all of the w/yw weights
assigned to a single g// term are small. The wcut in Eq. (15)
provides a means to upscale these weights since the maximum
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weighted magnitude,

max w ^\ wijn - -^ =
Wij )

(16)

Thus, each Q/7 will be at least as large as the user defined value
of w^. Hence, a value of wcut = 0 allows the full influence of
physical weighting by setting the minimum equal to 0. If
numerical difficulties occur, they can be resolved by assigning
a small nonzero value (say 0.01) to wcut, which would resolve
the difficulties and still retain most physical weighting effects.
A value of wcut - 1 forces the most sensitive point for each Qtj
to have a weighted magnitude of 1, which normalizes each Q/y
with respect to its most sensitive point (the point having
highest weighted amplitude) rather than its point of maximum
amplitude as in standard data normalization.

The measure-of-importance, defined by Eq. (10) and used
in Refs. 9-12, enforces fits almost equally over a selected
frequency range of tabular values (except for equality con-
straints) in order to best meet the criterion for analytic contin-
uation. Since the concept of analytic continuation, used to
extend frequency domain functions into the complex plane, is
approximate at best when the functions are only defined over
a finite set of tabular values, physical weighting with/without
optimization provides another tool for extending these func-
tions in some reasonable fashion. Furthermore, varying the
minimum of the maximum weighted magnitude, by varying
the value of wcut between 0 and 1, provides a mechanism that
allows the approximations to incorporate a combination of
physical weighting and some degree of data normalization.

Active Flexible Wing State-Space Modeling
The AFW project requires various first-order models for

different purposes such as low-order models for control law
design and near real-time simulation and higher-order models
for control system evaluation in batch simulation. For both
types of simulation it was desired to generate a reliable math-
ematical model in which the mass matrix was constant, i.e.,
had no aerodynamic terms, in order to avoid repetitive matrix
inversion. This implied that the A2 coefficients in the rational
approximations had to be zero for all rigid and elastic modes.
To meet the low-order requirements of design models and near
real-time simulation, MS models were generated using two
denominator Coefficients. This resulted in an antisymmetric
aeroservoelastic model with a total of 38 states. These states
consisted of 22 rigid and elastic mode displacement and rate
states, 12 actuator states, two gust states, and two aerody-
namic states. In comparison, LS and MMP formulations us-
ing the same number of denominator coefficients in the aero-
dynamic transfer functions would result in antisymmetric
aeroservoelastic models with a total of 58 and 60 states, re-
spectively (22 and 24 aerodynamic states, respectively, instead
of two).

Discussion of Results
The following results are for the antisymmetric AFW model

at Mach 0.9. There are 11 structural modes (the roll mode is
included in this group), four control modes, and one gust. In
each case, the aerodynamic approximations are constrained to
match the data at k = 0 (steady aerodynamics), the imaginary
parts are matched at k = 0.005 (equivalent to matching quasi-
steady aerodynamics), and the A2 = 0. The tabulated aerody-
namic data were generated using a doublet-lattice method and
physically weighted with no upscaling of small weights (i.e.,
Wcut = 0.0).

Figure 2 is a set of three-dimensional plots (from two dif-
ferent views) of the physically weighted magnitudes of each
Qij(ikn). These weights were determined for a value of dy-
namic pressure qw that was a control law design point in the

vicinity of flutter. The weights associated with the control sur-
faces were determined for a constant-gain control system with
a single roll-rate measurement. The gust-related weights were
determined based on the rms wing-tip acceleration response to
Dryden's gust spectrum. On each plot, the weighted magni-
tudes of Qij (rows / = 1-11) are shown in a group for each
column j. For the structural modes, j increments from 1 to 11,
corresponding to the generalized coordinates. For the control
modes, j increments from 12 to 15, corresponding to the lead-
ing-edge inboard (LEI), trailing-edge inboard (TEI), leading-
edge outboard (LEO), and the trailing-edge outboard (TEO)
control surfaces. There is one gust mode, corresponding to
y = '16. The peaks correspond to the tabular values of reduced
frequency of highest influence, as described above, on the
system characteristics considered for the physical weighting.
For example, in referring to the first group of plots (structural
mode, column 1) in Fig. 2a the first curve (at the extreme left)
in the group peaks at the third point. This indicates that for
the roll mode (column 1) the system determinant is most
sensitive to changes in the first generalized aerodynamic force
coefficient (first curve) near the third k value, k = 0.01; i.e.,
the roll mode is most sensitive to errors in Q\\(k^).

Some of the rows have nearly zero weighted magnitudes for
all values of k, which indicates that the system has minimal
sensitivity to errors in these aerodynamic coefficients. If de-
sired, a nonzero value for wcut would increase the weight of
these elements in the approximations. The view on the left
indicates that for the structural modes, the diagonal terms,
QJJ, are the most sensitive; i.e., the curves corresponding to
QJJ contain the highest peaks for each column j corresponding
to a structural mode. Referring also to Table 2 for the values
of in-vacuum natural frequencies (o>v), the view on the right
indicates that the area of sensitivity is at k values near kv of
each mode. Figure 3 is a two-dimensional plot of the weighted
magnitudes of the seven most sensitive structural mode curves
in Fig. 2a, namely Qu, Q33, Q44, Q66, Q77, Q?9, and QntU.
According to this plot, the system is most sensitive to errors in
Q66 at reduced frequencies between 0.6 and 0.8. It should be
noted that the actual peaks may fall between the tabulated kn
values. However, the exact peak values are not of particular
importance in the effect of physical weighting as long as the
neighboring kn values are assigned with relatively high peaks,
as is the case in Fig. 3. This figure was used to help provide
some systematic engineering judgment to the selection of aero-
dynamic roots in lieu of using nonlinear optimization to deter-
mine an optimal selection.

Figures 2b and 2c, the control modes and gust mode for this
model, have the same sensitivity range as the first five struc-
tural modes; i.e., they are not very sensitive to fits past
k = 0.6. To obtain a reliable model for all 11 elastic modes,
however, it appears that the range of tabular values (0.0 <
kn < 2.0) was appropriate for this configuration.

Table 2 Frequency parameters (wv,kv) at q = 0 and (w', k ')a

at flutter

Mode
1
2
3
4C

5
6
7
8
9

10
11

W v , .
rad/s

2.39
44.13
49.37
82.23

101.53
173.04
240.65
248.93
258.77
313.74
326.88

k,
0.009
0.159
0.178
0.297
0.366
0.625
0.869
0.899
0.934
1.132
1.180

co',
rad/s

9.34
45.37
53.93
73.05

101.64
200.11
217.93
248.79
252.54
313.95
348.58

k'
0.034
0.164
0.195
0.263
0.367
0.722
0.787
0.898
0.911
1.133
1.258

Most sensitive
range of kb

[0.0,0.1]
[0.1,0.2]
near 0.2
[0.2,0.3]
near 0.4
[0.6,0.8]
near 0.8
[0.8,1.0]
[0.9,1.0]
[1.0,1.2]
near 1.2

aco', k'', modal frequencies and modal reduced frequencies when system goes
unstable. bRange of k for each mode in which system determinant is most
sensitive to error. Tlutter mode.
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Estimated peaks

0.0 1.0 1.5
REDUCED FREQUENCY (k)

Fig. 3 Weighted magnitudes of seven most critical aerodynamic ele-
ments based upon measure of importance to system characteristics
near wind-tunnel limit of q = 300 psf.

The determination of an optimal set of denominator coeffi-
cients for an LS fit is a fairly quick process.10 For the MS
approximation, however, optimization of the denominator co-
efficients requires a three-fold iteration process in conjunction
with nonlinear optimization methods, and can be time-con-
suming. Table 3 lists various selections of denominator coeffi-
cients based on sensitivity results from Fig. 3. The selections,
although not optimal, produced good fits, and results are pre-
sented in Table 3 and Fig. 4.

Table 3 shows the choices made for the order of approxima-
tion (the number of denominator coefficients) equal to 1, 2,
and 4. Also listed are the method for selection and the percent
errors in flutter q and frequency. The word "unconstrained"
refers to k values for which the <2/7 are not constrained; i.e.,
those other than k = 0 and k = 0.005. The words "estimated
most sensitive Q//' refers to a case in which the estimated
peaks (as identified in Fig. 3) are used to determine the most
sensitive Q//. The k values corresponding to the "estimated
peaks" are also estimated.

Figure 4 shows the open-loop root loci of a baseline config-
uration and the best overall of the two- and four-aerodynamic
state cases as indicated in Table 3. The baseline used the tabu-
lar, frequency domain generalized aerodynamic forces and
was generated using a p-k determinant iteration process em-
ploying interpolated (cubic spline) values.9 The other two were
based on linear time-invariant state-space methods. The Has-
sig form of implementation of the p-k method17 becomes less
accurate as the approximation Q(p) « Q(0 + ik) degrades;

Baseline-Frequency domain aerodynamics
(no rational approximations)
MS (4-states) Physically Weighted

- MS (2-states) Physically Weighted
Imag

(rad/sec)
400

300

200

-80 -60 -40 -20
Real (rad/sec)

.jK•Flutter

0 20

(0<q<400psf)
%difference in flutter q < 1.0 (=3.25 psf)

%difference in flutter frequency < .4 (=.3 rad/sec)

Fig. 4 Stability analysis root loci for the AFW antisymmetric modes
at Mach 0.9.

hence, the baseline result for the low-frequency roll mode in
Fig. 4 should not be regarded as accurate. It should be noticed
that good agreements are obtained in the entire range of
dynamic pressure (0 < q < 400 psf) even though the physical
weighting has been performed with qw = 300 psf.

To determine sets of aerodynamic approximations that con-
sistently improve a chosen criterion as the order of the approx-
imation increases (i.e., with increasing number of denomina-
tor coefficients), nonlinear optimization of the denominator
coefficients may be employed. In this case, the optimization
criterion for goodness of fit is the total physically weighted
error,

% = e<Lc w ,=o (17>
defined by Eqs. (6) and (15) with wcut = 0. Table 4 shows the
comparison of e,0, the total normalized error etN, defined by
Eqs. (6) and (10), and the percent error in flutter q and fre-
quency of four optimized, physically weighted MS approxima-
tions for four different orders of fit. Figure 5 shows the de-
creasing total physically weighted error criterion [Eq. (17)]

Table 3 Flutter parameters for various minimum-state physically weighted approximations

Order
1

2

4

Values of selected
denominator coefficients

0.8
1.0
0.722a'b
0.625
0.2, 0.8a

0.625, 0869
0.297, 0.625

0.625, 1.180
0.4, 1.5
0.2, 0.6, 0.8, 1.0
0.2, 0.8, 1.0, 1.5a

0.2,0.73,0.8, 1.22

0.009, 0.625, 0.869, 1.180
0.159, 0.366, 0.899, 1.132

Method of selection
(based on Table 2 and Fig. 3)

(Unconstrained) k of most sensitive Q//
Midrange k
k' of most sensitive Qy
kv of most sensitive Qu
(Unconstrained) k of most sensitive Q//
kv of most sensitive Q/y
(Unconstrained) kv of most sensitive <2/y,

for different j
kv of estimated most sensitive Qij
Midrange k of least sensitive Q//
(Unconstrained) k of most sensitive Q//
(Unconstrained) k of most sensitive Q//,

for different j
k of estimated most sensitive (uncon-

strained) Qij
kv of estimated most sensitive 2/7
kv of least sensitive Q//

<?/»
% error

0.06
-0.07

0.13
0.24

-0.07
-0.87

0.32

-0.78
-0.55

0.64
1.00

0.59

0.09
0.98

CO/,
% error

0.27
0.29
0.26
0.25
0.32
0.38
0.12

0,37
0.36
0.00
0.05

0.01

0.12
0.05

aBest frequency and damping properties at flutter for all modes for corresponding order of approximation.
bVery little difference overall between this and other three cases.
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Table 4 Comparison of optimized physically weighted minimum-state approximations

1
2
3
4

Values of selected
denominator coefficients
1.225
0.438, 0.582
0.431, 0.917, 1.314
0.511, 0.802, 0.820, 1.505

Physically weighted Normalized #/, co/,
total error, e?0

0.32
0.14
0.07
0.06

total error, etN

17.75
12.98
19.22
19.87

% error
-0.18
-0.71

0.58
0.07

% error
0.31
0.35

-0.01
0.09

with increasing order. The normalized errors (Table 4) are
poor, indicating the physical weights provide a significantly
different weighting structure than the data normalization.
Furthermore, since the selection of denominator coefficients is
nqt based on optimum values of total normalized errors, the
total normalized errors do not improve with increasing order.
There is also no corresponding improvement in flutter q and
frequency, but Fig. 6 shows that there is an improving trend in
overall frequency and damping characteristics at flutter of all
of the elastic modes with increasing order as compared to the
frequency domain baseline flutter root characteristics. The
nonlinear optimization used herein is quite fast because three
equality constraints for each fit are used to explicitly reduce
the number of equations to be solved in the iteration process
for [D] and [E]. The specific constraints and reduction tech-
nique are described in Refs. 8 and 14.

0.4

0.3

0.2

0.1

0.0 1 2 3 4
ORDER OF APPROXIMATION

Fig. 5 Comparison of optimized total physically weighted errors
with wcut - 0 minimum-state approximations.

%Error in
flutter

frequency 0

4

3

2

1

0

-1

-

^

j

• Order =1
® Order = 2
m Order = 3
El Order = 4

1 , .\ " |.-r
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Fig. 6 Comparison of open-loop flutter root characteristics for opti-
mized physically weighted approximations.

Figure 7 shows the stability analysis root loci of the one-
arid two-state optimized, physically weighted MS approxi-
mations. The figure demonstrates that the optimized one-state
case matches the baseline case fairly well and that extremely
close correlation is achieved with the optimized two-state ap-
proximation. In fact, the optimized two-state root loci are al-
most identical to the unoptimized four-state results of Fig. 4.
However, the optimization only reduces the number of equa-
tions in the MS state-space formulation of the equations of
motion by two. The statements made with respect to the roll-
mode root locus in discussion of Fig. 4 apply here as well.

Figures 6 and 7 demonstrate that the physical weighting
criterion for the structural modes is effective in achieving ap-
proximations that yield accurate stability characteristics for
poles with low damping ratios. It is interesting that agreement
with the p-k root loci are also good for relatively large damp-
ing ratios despite the fact that the p-k approximation
Q(p) ~ 6(0 + ik) is degrading; one only finds in the case of
the roll mode where the p-k approximation is clearly invalid
that there is no consistent improvement in damping ratio as
compared to the baseline with increasing order of approxima-
tion. Results (not shown) of MS approximations with the same
equality constraints shown herein, which reduce the total nor-
malized error, e/N, have slightly higher percent errors in flutter
q and frequency and are much more sensitive to optimization
of lag coefficients. These results indicate that physical weight-
ing tends to improve open-loop flutter characteristics as com-
pared to baseline frequency domain results (with cubic-spline
interpolation) and to reduce the sensitivity to choices of aero-
dynamic roots.

Figure 8 shows the open-loop frequency response of a wing-
tip accelerometer to sinusoidal excitation by the outboard

D —
o —

_ Baseline-Frequency domain aerodynamics
(no rational approximations)

- MS (2-states) Optimized Physically Weighted
- MS (1-state) Optimized Physically Weighted

Imag
(rad/sec)

-i 400

300

200

diopX^^w
<>£

-80 ^60 -40 ^20 ~ •" 0 20
Real (rad/sec)

(0<q<400psf)

%difference in flutter q < .8 (=2.6 psf)
%difference in flutter frequency < .4 (=.3 rad/sec)

Fig. 7 Stability analysis root loci for the antisymmetric modes at
Mach 0.9 using optimized physically weighted minimum-state approx-
imations.
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—— k aerodynamics (no RFA)
----- MS (2-states) weighted, optimized
......... MS (4-states) weighted, optimized
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Fig. 8 Outboard-wing acceleration response to sinusoidal excitation
by the outboard trailing-edge control surface.
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10° 10 10 103
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1 Fig. 9 Outboard-wing acceleration response to sinusoidal gust veloc-
ity at Mach 0.9 for q =200 psf.

trailing-edge control surface at q = 200 psf. The two physi-
cally weighted, optimized MS cases show excellent agreement
with the response curve based on interpolation of the tabu-
lated GAFs. Similar comparisons are shown in Fig. 9 for the
response of the same accelerometer to sinusoidal gust. It may
be noticed that the high-frequency responses in Figs. 8 and 9
are relatively large while the weights assigned to the high-fre-
quency control and gust data are relatively small (Fig. 2). The
small high-frequency control weights are due to the fact that
the physical weighting is based in this case on the returning
open-loop (actuator output) signal that includes the effects of
the fuselage roll-rate measurement and the decaying actuator
response, which are not considered in Fig. 8. The high-fre-
quency gust weights are small because they are based on rms
response to a gust profile that has a rapidly decaying power
spectral density function, an effect which is not taken into ac-
count in Fig. 9. The good agreements shown in Figs. 8 and 9
over the entire frequency range indicate that the physically
weighted aerodynamic approximations can be adequately used
in subsequent aeroservoelastic analyses with control and gust

parameters that are substantially different than those specified
for the physical weighting.

Conclusions
By combining various capabilities, namely the minimum-

state formulation of the aerodynamic approximations in the
equations of motion, selectable constraints, optimal selection
of denominator coefficients, as well as the determination and
use of critical frequency ranges for approximating the tabular
generalized aerodynamic forces based upon systematic physi-
cal weighting, it is possible to obtain good, low-order state-
space mathematical models for design and simulation of
aeroservoelastic systems. A physically weighted, MS state-
space model with only two optimized aerodynamic states pre-
dicted a flutter dynamic pressure of a realistic case with less
than 0.8% error and showed good agreement in the root loci
of all elastic modes as compared to conventional stability anal-
ysis. Excellent agreements were also obtained for frequency
responses to sinusoidal control surface and gust excitations
over the entire frequency range of interest. The results exhibit
low sensitivity to variations of the aerodynamic root selec-
tion; however, optimization does provide a mechanism for
consistent improvement of overall open-loop characteristics
with increasing order of the aerodynamic transfer function de-
nominators. Furthermore, the results show a high level of ac-
curacy over a wide range of dynamic pressure, control, and
gust variables compared to baseline frequency domain results
with cubic-spline interpolation. The significance of these re-
sults is that good state-space models with good open-loop
characteristics can be developed having an order of magnitude
fewer augmenting aerodynamic equations than more tradi-
tional approaches. This reduction facilitates the design of
lower-order control systems, analysis of control system per-
formance, and near real-time simulation of aeroservoelastic
phenomena.
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